exists α ∈ F with A(α) = 0, B(α) = 0. In particular F and its field of constants C are algebraically closed. By a δ−closed set of F N one understands the set of common zeros of a family of δ−polynomials in F{y 1 , ..., y N }; δ−closed sets are the closed sets of a Noetherian topology on F N called the δ−topology (or the Kolchin topology.) We have an induced δ−topology on any affine closed subvariety X ⊂ F N . More generally if X is any algebraic variety over F (in the usual sense of algebraic geometry) identify X with its set of F−points and call a subset of X δ−closed if its intersection with the affine Zariski open subsets of X are δ−closed; δ−closed sets of X are, again, the closed sets of a Noetherian topology, the δ−topology. A δ−closed subgroup of an algebraic group is called a differential algebraic group; this definition is equivalent to Kolchin's [K2] due to [P2] . (As a remarkable example, if A is an abelian variety over F, the δ−closure A of its torsion group is an extremely interesting differential algebraic group that was investigated in detail in [B2] ; it is the "incarnation", in this geometry, of the kernel of the Manin map [Man] . Note however that Manin [Man] does not leave the realm of function fields with derivations, which are too small for allowing to even speak about A as a geometric object; to do so one needs the δ−closed field F. Cf. [B2] .) Now for any δ−closed subset Σ of an F−variety X one defines the absolute dimension a(Σ) ∈ N ∪ {∞} as follows. If X = A N , a(Σ) is the maximum of the transcendence degrees over Recall that an abelian variety over F is said to have F/C−trace zero if it contains no non zero abelian subvariety that descends to C.
Consideration of δ−closed subsets of Γ that are not Zariski dense in A immediately leads to a proof of the geometric Lang-Mordell conjecture, cf. [B1] . On the other hand Theorem 1 above says nothing about δ−closed subsets of Γ that are Zariski dense in A. These are the concern of the main result of the present paper, which is the "Gap Theorem" below: Theorem 2. Let A be an abelian variety over F of dimension g, that has F/C−trace zero, and let Γ ⊂ A be a δ−closed subgroup of finite absolute dimension. Then any δ−closed subset of Γ, that is Zariski dense in A, has absolute dimension ≥ g + 1.
Here is the remarkable consequence of Hrushovski's theory refered to in the beginning of this note and for which we shall provide a proof based on Theorems 1 and 2 above. Remarks. In the language of model theory, assertion 1 above says that A is "strongly minimal", assertion 2 implies, as pointed out in [P1] , that A is "locally modular", and assertion 3 says that A and B are "orthogonal"; cf [MMP] and [P1] . Theorem 3 implies that any strongly minimal group definable in a differentially closed field (of characteristic 0) is either locally modular or nonorthogonal to the field of constants, as well as showing that the nonorthogonality classes of locally modular strongly minimal groups are in 1-1 correspondence with the isogeny classes of simple abelian varieties which do not descend to the constants, these results being originally due to Hrushovski and Sokolovic [HS] . However [HS] contains a deeper trichotomy theorem: that every strongly minimal set in a differentially closed field is "trivial", "locally modular" or nonorthogonal to the field of constants. This depends on showing that such strongly minimal sets are Zariski geometries and then referring to [HZ] . [HZ] has two steps, producing a definable group from a nontrivial (Zariski) strongly minimal set, and then producing a definable field from a non locally modular (Zariski) strongly minimal set. The trichotomy theorem can be deduced from the first step of [HZ] together with the results of the present paper. It would be interesting to find a "direct" proof of the first step of [HZ] in the context of differential fields.
In order to prove Theorems 2 and 3 we start by recalling (a few facts about) the dictionary developed in [B1] , [B2] . By a D−scheme we understand an 
and, under the above correspondence, irreducible δ−closed subgroups of finite absolute dimension correspond to algebraic D−subgroups. With the above facts at hand we are already able to check that Theorem 3 follows from Theorems 1 and 2.
To check assertion 1 assume there is a proper infinite δ−closed subset Σ ⊂ A and seek a contradiction. We may assume Σ is minimal with this property; in particular that it is irreducible. By Theorem 2 we have a(Σ) ≥ g + 1. We may assume 0 ∈ Σ. By [B2] , Theorem 5.1, A is contained in any Zariski dense δ−closed subgroup of A. Since A is simple this implies that Σ is not a subgroup. Hence either Σ = −Σ or there exists x ∈ Σ such that Σ + x = Σ. Set
. So either S = −S or S = S . Now G is a variety of dimension ≤ 2g and S, S , −S are closed subvarieties of G of dimension ≥ g + 1. Since both intersections S ∩ (−S) and S ∩ S are non empty, they both have dimension at least 2, in particular none of the intersections is finite. Since one of the intersections is strictly contained in S this contradicts the minimality of Σ, which closes the proof of assertion 1.
To check assertions 2 and 3 assume that either B = A or B is simple, not descending to C, and non isogenous to A respectively. Let Σ ⊂ A × B is a proper infinite irreducible δ−closed subset containing 0 and we have to prove that Σ is a translate of a δ−closed subgroup (in case 2) or Σ is zero times one of the factors (in case 3.
. Since, by assertion 1, G and H contain no proper closed D−subvariety of positive dimension it follows that either S is zero times one of the factors of G × H or S is generically finite over both factors. In the first case both assertions 2 and 3 follow. In the second case we may assume of course dim A ≤ dim B and we get
By Theorem 2, Σ is not Zariski dense in A × B. Hence, by Theorem 1, the Zariski closure of Σ in A × B is a proper non zero abelian subvariety C ⊂ A × B. So C is isogenous to either A or B. In the case of assertion 3, C must project to zero either in A or B, which closes the proof of this case. In the case of assertion 2 we have
(The equality above follows from the fact that, by Theorem 6.1 in [B2] , C is the intersection of all δ−characters χ of C and, on the other hand, any such χ lifts to a δ−character of A × A, due to Poincaré reducibility.) Since C is simple, by assertion 1 applied to C, we get that Σ = C and assertion 2 is proved. The rest of the paper is devoted to the proof of Theorem 2. Assume Γ contains a δ−closed subset Σ that is Zariski dense in A, with 1 ≤ a(Σ) ≤ g and seek a contradiction. We may assume Σ and Γ are irreducible. Set G := Γ
[∞] , V := Σ [∞] . Then G will be an algebraic D−group and V will be a closed D−subvariety of G. Since Σ is Zariski dense in A we must have that the canonical projection V → A is dominant and, hence, generically finite. Let W be the normalisation of A in the field of fractions of V and letV be a smooth projective compactification of V reg =(smooth locus of V ) such that D :=V \V reg is a divisor with simple normal crossings, and the morphism V reg → A extends to a morphismV → A. There is an induced morphism p :V → W . Denote by κ the Kodaira dimension of a projective variety (by which we understand, as usual, the Kodaira dimension in the sense of [I] , [U] of a smooth projective model of the variety.) By Theorem 13 in [Kaw] , κ(W ) ≥ 0 and there exist an abelian subvariety B ⊂ A, etale coversW ,B of W and B respectively, and a projective normal varietyỸ such thatỸ is finite (and dominant) over A/B,W B ×Ỹ , and κ(Ỹ ) = dimỸ = κ(W ). Moreover, by Theorem 4 in [Kaw] , if κ(W ) = 0 then W is an abelian variety, in which case we may take, of course,W = W and B = B = A. Due to the above discussion we are in one of the following cases:
Case 2. W is an abelian variety and p(D) has codimension ≥ 2 in W .

Case 3. W is an abelian variety and p(D) has codimension 1 in W .
As in [B1] we may assume there exist: -morphisms of complex algebraic varieties
(whereV is a smooth relative projective compactification of V reg having a divisor D with relative simple normal crossings at infinity, and A → S is an abelian scheme, B is an abelian subscheme,W is etale over W , andỸ is finite and dominant over A/B.) -a closed immersion V ⊂ G (where G → S is a group scheme of finite type), -nowhere vanishing vector fields δ on S andδ on G, withδ lifting δ, having the following properties. All varieties above are flat over S and S is smooth. Moreover, multiplication, unit and inverse on G are horizontal forδ, the ideal sheaf of V in G is preserved byδ, and there exist an extension of δ−fields (C(S) Fix a point b 0 ∈ B. Then we may consider for all b ∈ B the non degenerate analytic maps
By Theorem 2 in [KO] any non degenerate analytic map from an algebraic variety into a projective variety of general type is actually algebraic. So the maps (*) are algebraic, hence we get algebraic dominant maps
and we are done, since Alb (Ṽ reg ) b 0 has only countably many quotients.
Assume we are in Case 2 above. Shrinking S in the Zariski topology we may assume that A s is an abelian variety, and that, upon denoting by p s :V s → W s the natural projection, we have that p s is surjective and p s (D s ) has codimension ≥ 2 in W s for all s. There is a closed subscheme Z s of W s of codimension ≥ 2 such that p s induces an isomorphismV s \p
It is well known that any analytic map f : X\Y → P , where X, P are smooth projective varieties, and Y is Zariski closed of codimension ≥ 2 in X, is algebraic. (Recall the argument. We may assume P is a projective space. Let H be a generic hyperplane in P . By [GR] Assume we are in Case 3. By further blowing upV , we may, and will, assume in this case that the morphism p :V → W is a succession of blowing ups with smooth centers.
Claim 1. V reg is logarithmically of general type.
Here a smooth quasi projective variety X is called "logarithmically of general type" ifκ(X) = dim X, whereκ denotes the logarithmic Kodaira dimension in the sense of [I] . (Recall that if X =X\D whereX is a smooth projective variety and D is a divisor with simple normal crossings thenκ(X) equals the "KX + D−dimension" ofX.) Assume for a moment that Claim 1 is true. Shrinking S in the Zariski topology we may assume that (V s ) reg is logarithmically of general type for all s. Propositions 2.2 and 4.2 of [Sak] , together with the argument at the beginning of Section 7 in [KO] , imply that any holomorphic non degenerate map from a smooth algebraic variety into a smooth quasi-projective variety which is logarithmically of general type is actually algebraic. So, in our case, we get morphisms of algebraic varieties
Hence, again, A b runs through the countable set of quotients of the Albanese variety of (a smooth projective model of) (V b 0 ) reg , and we are done.
Let us check Claim 1. Let E ⊂V be the (reduced) exceptional divisor of p :V → W . Let H ⊂ W be the union of all divisorial components of p (D) . Claim 1 will be implied by the following
Claim 2. H is ample.
Let us show that Claim 2 implies Claim 1. The canonical divisor onV has the form KV = p
There exists a positive integer n 0 such that E ≤ n 0 E . Then for any positive n we have
Hence, if Claim 2 is true, for n 0 the linear system |nn 0 (KV + D)| separates points outside E ∪ D and Claim 1 follows.
So we are left to check Claim 2. Assume H is not ample. Then the identity component W of the group of all x ∈ W for which the translate H +x is linearly equivalent to H has positive dimension. Since the abelian variety W acts on the linear system |H|, it acts trivially so
and let Z ⊂ W be the union of all components of p(D) of codimension ≥ 2. The generic fibre of
Since any rational map from a smooth algebraic variety into an algebraic group, that is defined outside a closed set of codimension ≥ 2, must be defined everywhere, the above composition induces a regular map Remarks. There is an interesting formal analogy between the model theoretic properties of differential algebraic groups and model theoretic properties of complex Lie groups. In both cases the Hrushovski-Zilber theory [HZ] leads to powerful results. Also, in both cases one may expect direct proofs of these results, free of model theory. The present paper dealt with differential algebraic groups; for the case of Lie groups we refer to [P1] .
